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The Energy Transition

“Heating and cooling in buildings and industry accounts for half of the EU’s

energy consumption.”

• Use cleaner energy

• Distribute energy in an efficient way

⇒ District Heating Networks
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District Heating Systems and Optimization

Optimization:

• Control

• Design

• Expansion
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Expansion Problem

max Profit = Consumer Payment - Expansion, Operation and Maintenance Cost

s.t. System physics,

Consumer constraints,

Depot constraints.
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Challenges and Assumptions

Challenges:

• Nonlinear behaviour of fluids in pipes

• Mixing of water at pipe intersections

• Water flow directions

• Modeling of candidate consumers

Assumptions:

• One dimensional stationary model

• Only tree shaped networks
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Network Modeling and Notation

We introduce the graph G = (V ,A) such that:

• Aff,Abf,Ac, ad

• Vff,Vbf
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c
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Pipe Physics

u v
0 La

a = (u, v)

One-dimensional stationary momentum equation for compressible fluids in

cylindrical pipes:

pa(La)− pa(0)

La
= −gρh′a − λa

|va|vaρ
2Da

,

One-dimensional stationary thermal energy equation:

Ta(La; va) =

Tsoil, va = 0,

(Ta(0)− Tsoil) e
− 4UaLa

cpρDava + Tsoil, va > 0.
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Node Physics

u
a ∈ δin(u)

La

b ∈ δout(u)

0

Mass flow continuity: ∑
a∈δin(u)

qa =
∑

a∈δout(u)

qa, u ∈ V .

Pressure continuity:

pu = pa(0), u ∈ V , a ∈ δout(u),

pu = pa(La), u ∈ V , a ∈ δin(u).

Temperature mixing:

Tu =

∑
a∈δin(u) cpqaTa(La)∑

a∈δin(u) cpqa
, u ∈ V ,

Tu = Ta(0), u ∈ V , a ∈ δout(u).
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Depot

For ad = (ud, vd):

pud = ps,

Pp =
qad

ρ
(pvd − pud ) ,

Pw + Pg = qadcp (Ta(Lad )− Ta(0)) .

ud

vd

0

Lad

ad = (ud, vd)
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Consumers

Pa = qacp (Ta(0)− Ta(La)) , a ∈ Ae
c,

xaPa = qacp (Ta(0)− Ta(La)) , a ∈ Ac
c,

Ta(La) = T bf, a ∈ Ac,

Ta(0) ≥ T ff
a , a ∈ Ac,

pv ≤ pu, a ∈ Ac.

u

v

0

La

a = (u, v)
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Thermal Energy Equation Approximation I

f (va,Ta(0),Ta(La)) :=


(
Ta(0)− Tsoil

)
e
− 4UaLa

cpρDava + Tsoil − Ta(La), va > 0,

Tsoil − Ta(La), va = 0.

⇓

fapprox(va,Ta(0),Ta(La)) :=
∑

(k,l,m)∈Θd

αklm v k
a Ta(0)l Ta(La)m + Ta(La)− Tsoil,

with

Θd :=
{

(k, l ,m) ∈ N3 : k 6= 0 and k + l + m ≤ d
}
.

⇓

min
α

∑
i∈I

fapprox(v i
a,Ta(0)i ,Ta(La)i )2.
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Thermal Energy Equation Approximation II
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Candidate Pipe Modeling: Pressure Constraints

u v
0 La

a = (u, v)

One-dimensional stationary momentum equation for compressible fluids in

cylindrical pipes:

pv − pu + Lagρh
′
a + λa

|va|vaρLa

2Da
= 0,

⇓
For a = (u, v) ∈ Ac

ff ∪ Ac
bf:

pv − pu + Lagρh
′
a + λa

|va|vaρLa

2Da
≤ (1− xa)M1

a ,

pv − pu + Lagρh
′
a + λa

|va|vaρLa

2Da
≥ −(1− xa)M2

a .
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Candidate Pipe Modeling: Valid Inequalities

Valid additional constraints:

xa ≤ xā, ā ∈ P(a).
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Objective

max
∑
a∈Ac

c

Pawπxa −
∑
a∈Ac

C inv
a xa − w (CpPp + CwPw + CgPg)
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Model Summary

max objective,

s.t. stationary incompressible Euler equation,

stationary thermal energy equation approximation,

mass conservation,

pressure continuity,

temperature mixing equations,

depot constraints,

consumer constraints,

system bounds,

power bounds,

valid binary inequalities.
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Test Case

F0 F1

F2 F3

F4 F5

F6 F7 F8 F9

F10F11 F12

F13F14 F15

Cost Cw Cg Cp

Value (e/kWh) 0 0.0415 0.165

Edge a ∈ Ac
c a ∈ Ac

ff ∪ Ac
bf

C inv
a (e) 100 000 [90 000, 330 000]

Intel(R) Core(TM) i7-8550U, 16 GB RAM.

ANTIGONE using the Pyomo interface.

Consumer Pa (in kW)

(F2,B2) 200.00

(F3,B3) 600.00

(F5,B5) 150.00

(F6,B6) 666.66

(F8,B8) 200.00

(F9,B9) 183.33

(F11,B11) 183.33

(F12,B12) 183.33

(F14,B14) 183.33

(F15,B15) 183.33
18



Initial Results

F0

p = 7.66

T = 391.54

F1

p = 7.12

T = 391.33

F2

p = 6.99

T = 391.15

F3

p = 6.6

T = 390.77

F4

p = 6.55

T = 390.32

F5

p = 6.38

T = 389.79

F6

p = 7.09

T = 390.98

F7

p = 7.07

T = 389.01

F8

p = 7.03

T = 387.05

F10

p = 6.34

T = 389.41

F11

p = 6.33

T = 388.59

F12

p = 6.33

T = 388.59

F13

p = 6.95

T = 390.76

F14

p = 6.94

T = 389.9

F15

p = 6.94

T = 389.9

F9

q
=

1
.5

4

q
=

1
.5

8
q = 0.79 q = 0.79

q = 0.77 q = 0.77

q = 10.69

q
=

7.06

q
=

3.
64

q = 4.69

q
=

2.
21

q = 2.21

q = 0.89 q = 0.89

Objective (e/day) Pt (kW) Pp (kW) Pw (kW) Pg (kW) Ptl (kW)

−1380.02 2550.0 2.84 500.0 2149.87 99.87

Pt :=
∑
a∈Ae

c

Pa +
∑
a∈Ac

c

xaPa, Ptl := Pw + Pg − Pt.
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Discussion: Impact of Estimated Average Demand and Distance

If Pa = 150 kW for all a ∈ Ac
c:

F0

p = 6.69

T = 378.33

F1

p = 6.24

T = 378.13

F2

p = 6.17

T = 377.9

F3

p = 5.88

T = 377.52

F4

p = 5.87

T = 376.49

F5

p = 5.85

T = 375.28

F6

p = 6.18

T = 377.88

F7

p = 6.16

T = 376.52

F8

p = 6.09

T = 375.16

F9

F10F11 F12

F13F14 F15

q = 9.82

q
=

5.14

q
=

4.
69

q = 4.07

q
=

0.
85

q = 0.85

q = 1.13 q = 1.13

If Pa = 350 kW for all a ∈ Ac
c:

F0

p = 7.79

T = 393.27

F1

p = 7.14

T = 393.07

F2

p = 7.02

T = 392.88

F3

p = 6.65

T = 392.49

F4

p = 6.6

T = 392.02

F5

p = 6.45

T = 391.46

F6

p = 7.08

T = 392.8

F7

p = 6.99

T = 392.0

F8

p = 6.74

T = 391.19

F9

p = 6.64

T = 389.92

F10

p = 6.41

T = 391.07

F11

p = 6.39

T = 390.21

F12

p = 6.39

T = 390.21

F13

p = 6.98

T = 392.48

F14

p = 6.97

T = 391.58

F15

p = 6.97

T = 391.58

q
=

1
.5

q
=

1
.5

3

q = 1.4

q = 0.77 q = 0.77

q = 0.75 q = 0.75

q = 11.74

q
=

6.85

q
=

4.
89

q = 4.56

q
=

2.
15

q = 2.15

q = 2.22 q = 2.22
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Discussion: Impact of Thermal Losses

If Ua = 0.5 W m−1 K−2 ⇒ 0.8 W m−1 K−2:

F0

p = 6.69

T = 378.33

F1

p = 6.24

T = 378.13

F2

p = 6.17

T = 377.9

F3

p = 5.88

T = 377.52

F4

p = 5.87

T = 376.49

F5

p = 5.85

T = 375.28

F6

p = 6.18

T = 377.88

F7

p = 6.16

T = 376.52

F8

p = 6.09

T = 375.16

F9

F10F11 F12

F13F14 F15

q = 9.82

q
=

5.14

q
=

4.
69

q = 4.07

q
=

0.
85

q = 0.85

q = 1.13 q = 1.13
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Conclusion

Contributions of the expansion model:

• Nonlinear modeling of T and p behavior

• Polynomial approximation of the Thermal Energy Equation

Main parameters:

• Estimated average demand

• Distance of the candidate consumer

• Pipe insulation
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